Abstract. Let Zn denote the cyclic group of n elements. For every x ∈ Zn, we denote by |x|n the smallest positive integer in the residual class x. Let S = (a1, . . . , a k ) be a sequence of elements in Zn. We say that S has index n if there is an integer m co-prime to n such that P k i=1 |mai|n = n. In this paper, we prove that a sequence of n elements in Zn with repetition at least n 2 contains a subsequence with index n, and if n = p is a prime the restriction of repetition can be relaxed to
Introduction and Notations
Let Z n be the cyclic group of n elements. We can regard Z n as the residual classes group of Z modulo n. For every x ∈ Z n , let |x| n denote the smallest positive integer in the residual class x. Let S = (a 1 , . . . , a k ) be a sequence of elements in Z n . Let σ(S) = k i=1 a i . We denote by |S| n the sequence (|a 1 | n , . . . , |a k | n ) of positive integers. For a subset A of Z n , we denote S ∩ A = a i ∈A a i to be the restriction of S to A. By S ⊆ A, we mean that S ∩ A = S. For any integer m, let mS = (ma 1 , . . . , ma k ). Define
Index(S) = min
(m,n)=1 {σ(|mS| n )}.
Let
Index (S) = {σ(|T | n ) : T |S, 1 ≤ σ(|T | n ) ≤ n}.
Let h = h(S) be the maximal repetition value of S.
The concept of Index was introduced by Chapman, Freeze and Smith [2] in 1999, and research on Index can go back to Lemke and Kleitman [4] in 1989 when they made the following conjecture: Conjecture 1.1. [4] Let d, n be two positive integers with d|n, and let S be a sequence of n elements in Z n . Then, there is a nonempty subsequence T of S and an integer m co-prime to n such that d σ(|mT | n ) n.
When d = n Conjecture 1.1 becomes the following:
If S is a sequence of n elements (repetition allowed) in Z n then S contains a subsequence T with Index(T ) = n.
In this paper we demonstrate that Conjecture 1.2 and therefore Conjecture 1.1 is not true in general (Section 2), we prove that the conclusion of Conjecture 1.2 is true if S contains some element at least n/2 times (Section 3), and we also prove that if n = p is a prime then the Conjecture is true if S contains some element at least p−2 10 times (Section 4). In fact, we still believe that Conjecture 1.2 is true when n is prime.
We call S a zero-sum sequence if σ(S) = 0, we call S a minimal zero-sum sequence if S is zero-sum and any proper subsequence of S is not zero-sum, and we call S a zero-sum free sequence if S contains no nonempty zero-sum subsequence.
Recently, the study of Index has attracted many researchers. Let S be a minimal zero-sum sequence in Z n . It has been proven that if |S| ≤ 3 then Index(S) = n (see [2] ) and if |S| ≥ n 2 + 1 then Index(S) = n ( [7] , [8] ). It has also been proven that for 5 ≤ k ≤ n 2 there is a minimal zerosum subsequence S in Z n such that |S| = k and Index(S) ≥ 2n, and for k = 4 and (n, 6) = 1, there is a minimal zero-sum subsequence S in Z n such that |S| = 4 and Index(S) ≥ 2n. The following was conjectured.
Conjecture 1.3. [6]
Let n be a positive integer with (n, 6) = 1, and let S be a minimal zero-sum sequence in Z n with |S| = 4. Then, Index(S) = n.
Li and Plyley [5] proved that the above conjecture is true for n = p a prime. We shall provide a new proof of this result in Section 5.
Our main results are the following: Theorem 1.4. Let S be a sequence of n elements in Z n . If h(S) < 4 or h(S) ≥ n/2 then S contains a subsequence T with Index(T ) = n and |T | ≤ h(S). Theorem 1.5. Let p > 24318 be a prime, and let S be a sequence of p elements in Z p \ {0}. If h(S) ≥ p−2 10 then S contains a subsequence with index p.
contains no subsequence with index n.
Proof of Theorem 1.6
Proof of Theorem 1.6. Suppose the conclusion is false, i.e., there exists a zero sum subsequence T of S and j ∈ [1, n − 1] with (j, n) = 1 such that
By (1), we have x ≤ 3 and z ≤ 1. Then, Then
By (1), we have x + y + w ≤ 1. We claim
Otherwise, x = y = w = 0 and
Note that 0 < x + z + 2w < n. By (2), we have that (4) x + z + 2w = n 2 and
By (3) and (4), we have y + z + w ≡ z + w − y = n 2 − 1 ≡ 0 (mod 2), a contradiction to (5) .
By (1), we have x ≤ 1 and z ≤ 3. Then,
Clearly, x + z + 2w > 0. From (2), we derive a contradiction. Lemma 3.1.
[1] Let S be a sequence of n elements in Z n . Then S contains a zero-sum subsequence T with length |T | ∈ [1, h(S)].
Lemma 3.2.
[6] Let S be a minimal zero-sum sequence of elements in Z n with |S| ∈ {1, 2, 3}. Then Index(S) = n.
Proof of Theorem 1.4. Let h = h(S). The case for h < 4 follows from Lemma 3.1 and Lemma 3.2. Thus, we need only to consider the case for h ≥ n/2. Assume to the contrary that S contains no subsequence with index n and with length not exceeding h.
is a subsequence of S with index n. So, we may assume that o(a) = n and that (up to isomorphism)
We show that for every t ∈ [1, n − h] and any subset {i 1 , . . . , i t } ⊂ [1, n − h] the following holds (6) |b
We proceed by induction on t. For t = 1, assume to the contrary that |b i | n ≥ n − h + 1. Then 1 n−|b i |n b i is a subsequence of S with index n and with length n − |b i | n + 1 ≤ h, a contradiction. Now assume that (6) is true for t = k ∈ [1, n − h− 1] and we want to show that (6) is also true
is a subsequence of S with index n and with length n − τ + k + 1 ≤ h, a contradiction. This proves (6) . Taking t = n − h in (6) we have that |b 1 | n + · · · + |b t | n ≤ n − h + t − 1 = 2t − 1. This forces that b i = 1 for some i ∈ [1, n − h], a contradiction to h = h(S). This proves the theorem.
2
Note that the sequence given in Section 2 has maximal repetition n 2 − 1. So, the restriction that h(S) ≥ n 2 in Theorem 1.4 is necessary for n ≡ 2 (mod 4).
Proof of Theorem 1.5
Throughout this section, let p > 24138 be a prime and let S be a sequence of p elements in Z p \{0}. Up to isomorphism, we may assume that S contains 1 (note that 1 does not necessarily have the maximal repetition value).
where r runs over all positive integers in [1, p − 1]. For convenience, in the rest of this section, we shall always assume that m(S) = M (S).
Lemma 4.1. Let p be a prime, and let S be a sequence of p elements in Z p \ {0} with 1 ∈ S. 
(ii) Since (a, b) = 1, there are two integers u and v such that bu + av = 1. Note that b(u + ma) + a(v − mb) = 1 holds for any integer m. Let x = u + ma and y = mb − v. Then, bx − ay = 1. By choosing m suitably we may assume that y ≤ k and y Now assume that y = 1 and we must have b = k. It follows from bx − ay = 1 that a = kx − 1. Therefore, x = 1 and a = k−1. So, 
j=1 S j . Lemma 4.4. Let S be a sequence p elements in Z p \ {0} containing no subsequence with index p, and let f , S i be defined as in Lemma 4.3. Suppose 4 ≤ M ≤ p−3 2 and max{
and so b i (
Lemma 4.5. Let n ∈ N ≥2 , and let a 1 , a 2 , . . . , a n (not necessarily distinct) be integers coprime to n. For any integer m, there exists a subset
Moreover, if m ≡ 0 (mod n), we can choose such I with
Proof. We consider a 1 , . . . , a n as the elements in group Z n . It suffices to prove that {a 1 , 0} + · · · + {a n−1 , 0} = Z n . Let H = St({a 1 , 0} + · · · + {a n−1 , 0}). If |H| = n, then |{a 1 , 0} + · · · + {a n−1 , 0}| = n and the lemma follows. Now assume |H| < n. By Kenser's Theorem, we have
Lemma 4.6. Let p, S, M, k, R i be defined as in Lemma 4.3, and let 2 ≤ t < ℓ < k with d = gcd(t, ℓ) < t. Let u ∈ [2, M ] be an integer. If
Proof. Suppose |R t | > 0. Take an arbitrary term x of R t . By the definition of R t we get
and thus,
. Thus, we can construct a subsequence of xW S 1 of index p, a contradiction. Therefore,
If |R ℓ | < ℓ then we are done. Otherwise, by Lemma 4.5, we get a subsequence R 0 of R ℓ with σ(|ℓR 0 | p ) ≡ p (mod ℓ) and
We show that
Otherwise, σ(|ℓR 0 | p ) ≥ p − ℓM , choose T to be the minimal subsequence of R 0 such that σ(|ℓT | p ) ≥ p − ℓM and σ(|ℓT | p ) ≡ p (mod ℓ). If σ(|ℓT | p ) ≤ p, then we can construct a subsequence of T S 1 with index p, a contradiction. If σ(|ℓT | p ) > p, note that every term y of R ℓ satisfies 1 ≤ |ℓy| p ≤ M and gcd{|ℓy| p , ℓ} = 1. By Lemma 4.5, by dropping at most ℓ terms from T , we get a proper subsequenceT such that σ(|ℓT | p ) ≥ p − ℓM and σ(|ℓT | p ) ≡ p (mod ℓ), a contradiction with the minimality of T . Therefore, σ(|ℓR 0 | p ) ≤ p − ℓM − ℓ. By (7), we have that
. By (9), then |R 0 | ≤ p−ℓM −2ℓ+1 u + ℓ − 1. Now the lemma follows from (8) .
2 Lemma 4.7. Let p, S, M, k, R i be defined as Lemma 4.3. For any t ∈ [2, k], let 1 = a 1 < a 2 < a 3 < · · · be all positive integers coprime to t.
for some w, u ∈ N 0 , then
a u+1 + δ u (u − 1)M + 2t + w, where δ u = 0 for u = 0 and δ u = 1 for u ≥ 1.
that |R t | ≥ 2t + 1. By Lemma 4.5, there exists a nonempty subsequence R 0
Similarly to Lemma 4.6, we can prove that
Note that tR 0 contains a 1 = 1 at most t − 2 times, otherwise,
By (10), we derive a contradiction.
Now we are in a position to prove Theorem 1.5.
Proof of Theorem 1.5. Assume to the contrary that S contains no subsequence with index p. Clearly, M ≤ p − 1. By Lemma 4.1, every term x of ST −1 satisfies
This gives
We distinguish several cases.
With k = 2 in Lemma 4.4, we have
Applying Lemma 4.7 with u = 0 and w = 6, we have
Case 2. With k = 3 in Lemma 4.4, we have
Applying Lemma 4.7 with u = 1 and w = 6, we have
It follows that p
Case 3.
With k = 4 in Lemma 4.4, we have
It follows that p ≤ M + 11 +
Case 4.
With k = 5 in Lemma 4.4, we have
Applying Lemma 4.6 with t = 2, ℓ = 3 and u = 12, we have that either
Case 5.
With k = 6 in Lemma 4.4, we have
Applying Lemma 4.7 with u = 2 and w = 0, we have
< p, a contradiction.
With k = 7 in Lemma 4.4, we have
By Lemma 4.6, take t = 2, ℓ = 5 and u = 10, we have
Case 7.
With k = 8 in Lemma 4.4, we have
Applying Lemma 4.6 with t = 2, ℓ = 5, 7 and u = 20, we can prove that either |R 2 | = 0, or |R i | ≤ . With k = 9 in Lemma 4.4, we have
It follows that
Applying 4.7 with u = 1 and w = 6, we have
Applying Lemma 4.6 with t = 2, ℓ = 5, 7 and u = 10, we obtain that either |R 2 | = 0, or |R i | ≤ It follows that p ≤ M + 159 +
The sum of four elements in Z p
In this section, we shall give a new proof of the following result due to Li and Plyley [5] .
Theorem 5.1. Let p be a prime, and let S be a minimal zero-sum sequence of 4 elements in Z p . Then Index(S) = p. 
We see that each interval in (12) and (13) contains at most ⌊
Observe that
.
Noting that p 2(2k+1) > 1, we have that at least one integer belongs to each interval in (14) and (15).
6 . Hence, we may assume k = p−1 6 .
Note that
Since p is a prime, we have k ≤ Note that each interval in (14) and (15) contains
integers, where i = 1, 2, . . . , 2k + 1. It follows that
6 . If p ∈ {37, 41, 43}, it is easy to verify the conclusion.
Therefore, we may assume that k ≥ 3. It follows from (16) that
This completes the proof. 2
Proof of Theorem 5.1. For p < 19, it is easy to check the theorem directly. So, we may assume p ≥ 19. Let S = a 1 · a 2 · a 3 · a 4 , where 1 = a 1 ≤ a 2 ≤ a 3 ≤ a 4 < p.
If h(S) ≥ 2, say a 1 = a 2 = 1, then a 1 + a 2 + a 3 + a 4 < 1 + 1 + (p − 2) + (p − 2) < 2p, which implies that a 1 + a 2 + a 3 + a 4 = p. Hence, we assume h(S) = 1.
If S (p,a 2 ) ∩ S (p,a 3 ) ∩ S (p,a 4 ) = ∅, i.e., there exists r ∈ S (p,a 2 ) ∩ S (p,a 3 ) ∩ S (p,a 4 ) , then σ(|rS| p ) = |ra 1 | p + |ra 2 | p + |ra 3 | p + |ra 4 | p < 4 × p 2 = 2p, which implies σ(|rS| p ) = p. Hence, we assume (17)
S (p,a 2 ) ∩ S (p,a 3 ) ∩ S (p,a 4 ) = ∅.
Since h(S) = 1, we have that at least one element of {a 2 , a 3 , a 4 } doesn't belong to {p−3, For i = 1, 2, 3, since |ra i | p < p 2 , it follows that |2ra i | p = 2|ra i | p . Since |ra 4 | p > p 2 , it follows that |2ra 4 | p = 2|ra 4 | p − p. Then σ(|2rS| p ) = |2ra 1 | p + |2ra 2 | p + |2ra 3 | p + |2ra 4 | p = 2|ra 1 | p +2|ra 2 | p +2|ra 3 | p +2|ra 4 | p −p is odd. It follows that σ(|2rS| p ) ∈ {p, 3p}. If σ(|2rS| p ) = p, we are done. If σ(|2rS| p ) = 3p, then σ(|(p−2r)S| p ) = (p−|2ra 1 | p )+(p−|2ra 2 | p )+(p−|2ra 3 | p )+ (p − |2ra 4 | p ) = p. This completes the proof of the theorem. 2
Remarks and Open Problems
It seems plausible to make the following generalization of Conjecture 1.2 when n = p is a prime.
Conjecture 6.1. If S is a sequence of p elements in Z p then S contains a subsequence with index p and with length not exceeding h(S).
Let t(n) be the smallest integer t such that every sequence of t elements in Z n contains a subsequence of index n. From Theorem 1.6 we know that t(n) ≥ n+⌊ n 4 ⌋−4 for n = 4k +2 ≥ 22.
Open Problem 1 To determine t(n) for all positive integers n.
Let T (n) be the smallest integer t such that every subset of t distinct elements in Z n contains a subset of index n.
Open Problem 2 To determine T (n) for all positive integers n.
